We deal with the wave equation with assigned moving boundary ( < x < a(t)) upon which Dirichlet or mixed boundary conditions are specified. Here a(t) is assumed to move slower than light and periodically. Moreover, a is continuous, piecewise linear with two independent parameters. Our major concern will be an observation problem which is based measuring, at each t > , of the transverse velocity at a(t). The key to the results is the use of a reduction theorem by Yoccoz [14] .
Introduction and main results
We consider the following problem:
u tt − u xx = for < x < a(t), t > , u(x, ) = ϕ(x), u t (x, ) = ψ(x) for < x < a( ), (1.1) Note that if a is a constant, then the observability inequality
holds for some positive constant C * if T ≥ a for the Dirichlet problem. Also, we have
for the mixed problem. We start with some notations and known results. Let Lip(ℝ) be the space of Lipschitz continuous functions on ℝ. We shall denote the Lipschitz constant of a function F by On the existence of solutions to the Dirichlet or the mixed problem, we refer the reader to [5, 6] . Proposition 1.1. Let a ∈ Lip(ℝ), L(a) ∈ [ , ), a > and
L(F)
Let also Q := (x, t) : x ∈ ( , a(t)), t ∈ ℝ + and Q τ := (x, t) : x ∈ ( , a(t)), t ∈ ( , τ), τ ∈ ℝ + .
Then there exists a unique weak solution¹ u of either the Dirichlet or the mixed problem satisfying the initial conditions u(
In [2] , Castro gives several examples of curves a(t) for exact controllability related to the system
where φ is the solution of the associated conservative system:
and T is given by an optical geometric condition requiring that any ray, starting anywhere in the domain and with any initial direction, must meet the dissipation zone before the time T.
Here we introduce a new approach that provides (1.4) and (1.5) for another class of curves a(t) with less regularity.
First, we denote by D p the set of continuous and strictly increasing functions of the form x + g(x), where g(x) is a -periodic continuous function. 
The next example is given in [7] , where Assumption 1.4 is fulfilled.
Let a be continuous and -periodic on ℝ, a > , such that
with − < β < < α < . The function F is defined by
We extend F through the formula F(x + ) = F(x) + for any x ∈ ℝ. Also the rotation number is given by
, and the function H, given by (1.6), is written as
Our main result is stated as follows. 
(1.9) Remark 1.6. Here the observability time ρ(F) is optimal, in the sense that if a(t) is a constant equal to a , then ρ(F) = a . Remark 1.7. We give a similar result which concern the Dirichlet observability in the appendix.
The exact controllability problem for the system
Based on the observability estimate mentioned above and for a given by (1.7), we get the following result. Corollary 1.8. There exists r ∈ L ( , T) such that system (1.10) is exactly controllable at time T := |e
Note that T is optimal in the sense that this time is derived from an optimal time of observability.
The paper is organized as follows. In Section 2 we prove our main result and in Section 3 we give further comments on the quasi-periodic case.
Proof of the main result
We begin, by defining a domain transformation Φ : ℝ → ℝ , using H given by (1.6), as follows:
Remark 2.1. The propositions below can essentially be found in [13] (see also the references therein). We reproduce them for the reader's convenience and because our presentation is synthetic. ξ, τ) ). Then the following identity holds:
Proposition 2.3 ([13]). Let u(x, t) satisfy
The next lemma will be very useful for the proof of our main result. Lemma 2.4. Denote by
the energy of the field u, and by
)| dξ the energy of the field V. Under Assumption 1.4, there are two positive constants C and C such that C E V t + g(t + a(t)) + g(t − a(t)) ≤ E u (t) ≤ C E V t + g(t + a(t)) + g(t − a(t)) , where g is a continuous and -periodic function.
Proof. We calculate,
and so
We make use of
Hence,
2)
Returning to the energy, we have
Also, differentiating ξ = (H(x + t) − H(−x + t)) on a slice t = constant, we obtain
Thanks to Assumption 1.4 and the inequality
for some positive constants C , C . Remark 2.5. Applying the transformation Φ, system (1.1)-(1.2) becomes
We need the following lemma, which is the classical result for the observability of the 1D wave equation on
Lemma 2.6 ([3, 9]). If T ≥ ρ(F), there exists C(T) > such that for all
Proof of Theorem 1.5. We consider (1.1)-(1.2) and state
∂ x u(a(t), t) = ∂ ξ V(ρ(F)/ , τ)∂ x ξ(a(t), t).
Since
Making use of Young's inequalities, (1.9) is a consequence of Lemmas 2.4 and 2.6. Proof of Corollary 1.8. Let us consider
System (2.4) is exactly observable at time ρ(F), i.e., there exists C > such that for all T ≥ ρ(F), we have
and so the problem
So the transformed system
is exactly controllable with a time of control T := |e
ρ(F)−h h
− h | and a control r(t) given by
r(t) = g H(a(t) + t) + H(−a(t) + t) .

Further comments: The quasi-periodic case
One can try to generalize the previous results to the case when a is no longer periodic but has some sort of quasiperiodicity². This problem is much more complicated, since there is no rotation number. However, in [12] , Yamaguchi uses a weaker notion of upper (resp. lower) rotation number of F at every point x as follows:
As a consequence, it is shown that under the same Diophantine condition (see [1, 10] ) satisfied by ρ(F) (resp. ρ(F)), the rotation number of F exists and coincides with the lower (resp. upper) rotation number. ). Assume also that there exists C > depending on β such that
Then, there exists a real analytic function H(ξ
Remark 3.2. Thanks to Lemma 3.1, Theorem 1.5 is easily extended by similar arguments.
We derive E with respect to τ and get
We choose δ small enough and, taking into account (A.1) and (A.5), we get E ὔ (τ) ≤ −ωE (τ). The proof is This permit to conclude the second inequality in Lemma A.6. For the first inequality, it suffices to use (A.3) and (A.1). Proof of Theorem A.2. For the proof of (A.2), we state as above ∂ t u = ∂ ξ V∂ t ξ + ∂ τ V∂ t τ.
Next we have
|∂ t u(a(t), t)|
Making use of Young's inequalities, Lemma 2.4, (A.6), (A.7) and (1.8), we obtain the desired result.
